
1Satellite image deblurringusing 
omplex wavelet pa
ketsAndr�e Jalobeanu, Laure Blan
-F�eraud, Josiane ZerubiaAbstra
tThe de
onvolution of blurred and noisy satellite images is an ill-posed inverse problem. Dire
t inversionleads to una

eptable noise ampli�
ation. Usually the problem is regularized during the inversion pro
ess.Re
ently, new approa
hes have been proposed, in whi
h a rough de
onvolution is followed by noise �lteringin the wavelet transform domain. Herein, we have developed this se
ond solution, by thresholding the
oeÆ
ients of a new 
omplex wavelet pa
ket transform; all the parameters are automati
ally estimated.The use of 
omplex wavelet pa
kets enables translational invarian
e and improves dire
tional sele
tivity,while remaining of 
omplexity O(N). A new hybrid thresholding te
hnique leads to high quality results,whi
h exhibit both 
orre
tly restored textures and a high SNR in homogeneous areas. Compared toprevious algorithms, the proposed method is faster, rotationally invariant and better takes into a

ountthe dire
tions of the details and textures of the image, improving restoration. The images de
onvolvedin this way 
an be used as they are (the restoration step proposed here 
an be inserted dire
tly in thea
quisition 
hain), and they 
an also provide a starting point for an adaptive regularization method,enabling one to obtain sharper edges.



2 I. Introdu
tionThe problem presented here is the re
onstru
tion of a satellite image from blurred andnoisy data.The degradation model is represented by the equation :Y = HX +N where HX = h ?X (1)Y is the observed data andX the original image. N is additive noise and is assumedto be Gaussian, white and stationary. The ? represents a 
ir
ular 
onvolution. The PointSpread Fun
tion (PSF) h is positive. We assume there is no spe
tral overlapping. Wedeal with a real satellite image deblurring problem, proposed by the Fren
h Spa
e Agen
y(CNES). This problem is part of a simulation of the SPOT 5 satellite. The noise standarddeviation � and the PSF h are assumed known.The de
onvolution problem is ill-posed be
ause of the noise, whi
h 
ontaminates thedata. The inversion pro
ess strongly ampli�es the noise if no regularization is done.Thus, we have to de
onvolve the observed image while re
overing the details, but withoutamplifying the noise.The pro
ess used to estimate X from the degraded data Y must preserve the textures,enabling us to obtain visually 
orre
t results. Moreover, the noise should remain small inhomogeneous regions. Many methods have been proposed for regularizing this problemby introdu
ing a priori 
onstraints on the solution [4℄, [11℄, [26℄, [28℄. However, mostof them do not preserve textures, sin
e these textures are not taken into a

ount in theregularizing model. To a
hieve a better de
onvolution, other authors [1℄, [22℄, [24℄ preferto use a wavelet-based regularizing fun
tion. However, all these approa
hes have thedrawba
k that they are iterative, whi
h means that they are time 
onsuming and notalways appropriate for de
onvolving satellite data, where the images 
an be very large.A few authors, su
h as Donoho et al. [8℄, proposed to deblur signals in a wavelet-vaguelette basis. Roug�e [25℄, then Mallat and Kalifa [18℄, proposed to denoise images aftera de
onvolution without regularization, in order to perform a fast and noisefree de
onvo-lution. All these te
hniques 
an be summerized by the following two steps: de
onvolutionby a pseudo-inverse or generalized inverse �lter, and denoising. In the se
ond step, theimages are represented using a wavelet pa
ket basis, and the denoising pro
ess is done inthis basis, by thresholding the noisy 
oeÆ
ients. This type of method is not iterative andprovides a very fast implementation.



3A simple inversion of the observation equation (1) in frequen
y spa
e gives an una
-
eptably noisy solution. To denoise it, a sparse representation has to be 
hosen, in orderto separate the signal from the noise as well as possible. A representation is said to besparse if it approximates the signal with a small number of parameters, whi
h 
an be the
oeÆ
ients of the de
omposition in a given basis.The noise ampli�ed by the de
onvolution pro
ess is 
olored. Furthermore, the 
oeÆ-
ients of this noise are not independent in the wavelet basis. Thus, the basis must adaptto the 
ovarian
e properties of the noise. The 
ovarian
e matrix should be nearly diagonal[17℄ in the basis, to de
orrelate the noise 
oeÆ
ients as mu
h as possible. The Fourierbasis a
hieves su
h a diagonalization, but the energy of the signal is not 
on
entrated overa small number of 
oeÆ
ients (the basis ve
tors are not spatially lo
alized), so the Fouriertransform is not suitable for any thresholding method.A good 
ompromise is to use a wavelet pa
ket basis [6℄, sin
e it nearly realizes thetwo following essential 
onditions, i.e. the signal representation is sparse, and the noise
ovarian
e operator is nearly diagonalized [17℄.Many types of wavelets transforms 
an be used to 
onstru
t a pa
ket basis; they exhibitdi�erent properties depending on their spatial or frequen
y lo
alization, and on theirseparability w.r.t. rows and 
olumns. De
imated real wavelet transforms are eÆ
ientfor satellite image de
onvolution but produ
e artefa
ts sin
e the transform is not shiftinvariant. It is well known that to avoid these artefa
ts, the resulting image may beaveraged over all possible integer translations [5℄. It is also possible to use shift invarianttransforms, but the redundan
y is generally rather high and depends on the depth of thetransform. These two te
hniques have the major drawba
k of slowing down the algorithm.The main motivation of our work is to solve this problem in a 
omputationally eÆ
ientmanner. There is a way to enable translation invarian
e without mu
h loss of 
ompu-tational time, by using 
omplex wavelets [19℄, [20℄. Su
h wavelets also provide a betterrestoration by separating 6 dire
tions, while real separable wavelets only take into a

ounttwo dire
tions. In order to a
hieve the ne
essary near-diagonalization of the de
onvolvednoise 
ovarian
e, we have implemented a 
omplex wavelet pa
ket algorithm.Our essential 
ontributions are the following :1. We have designed a new transform, the 
omplex wavelet pa
ket transform, whi
h hasbetter dire
tional sele
tivity than the 
omplex wavelet transform, while exhibiting thesame shift invarian
e properties. This is illustrated by Fig. 1.



42. The proposed algorithm is fully automati
, sin
e it is based on a Bayesian approa
h,where all the ne
essary parameters are estimated from the observed data.3. We have proposed a new hybrid te
hnique, 
onsisting of 
ombining two di�erent meth-ods, regularization and wavelet thresholding, to obtain optimal de
onvolution results.4. It performs the inversion faster than shift invariant real transforms and re
onstru
tsfeatures with dominant diagonal orientations better.The paper is organized as follows. First, in se
tion II, we detail how to 
ompute theproposed 
omplex wavelet pa
ket transform and the properties of this new transform.Then, in se
tion III, we present the Bayesian thresholding framework used to estimate theunknown 
oeÆ
ients from the observed data, and explain how to 
ompute the varian
eof the de
onvolved noise. In se
tion III-A, we des
ribe the observation model and theBayesian framework. The proposed adaptive prior model of the wavelet 
oeÆ
ients ispresented in se
tion III-B. In se
tion III-C, we detail the new hybrid te
hnique used toestimate the adaptive parameters of the former. Se
tion III-D is devoted to the hyperpriorput on the parameters of the prior distribution. The proposed algorithm is des
ribed inse
tion IV. Finally, we present, in se
tion V, a 
omparison with 
lassi
al algorithms usedfor satellite image de
onvolution, to demonstrate the e�e
tiveness of the proposed method.II. Complex wavelet pa
ket transform (CWPT)This new transform is built in order to take advantage of the pa
ket de
omposition andthe interesting properties of the 
omplex wavelet transform at the same time.A. ImplementationTo build a 
omplex wavelet transform, Kingsbury [19℄ has developed a quad-tree al-gorithm, by noting that an approximate shift invarian
e 
an be obtained with a realbiorthogonal transform by doubling the sampling rate at ea
h s
ale. This is a
hieved by
omputing 4 parallel wavelet transforms, whi
h are di�erently subsampled. Thus, theredundan
y is limited to 4, 
ompared to real shift invariant transforms.Therefore, it involves two pairs of biorthogonal �lters, odd, ho and go, and even, he andge. At level j = 1, it is simply a non-de
imated wavelet transform (using ho and go) whose
oeÆ
ients are re-ordered into 4 interleaved images by using their parity. This de�nes the 4trees T=A, B, C and D. For j > 1, ea
h tree is pro
essed separately, as a real transform,with a 
ombination of odd and even �lters depending on ea
h tree. The transform is



5a
hieved by a fast �lter bank te
hnique, of 
omplexity O(N). The re
onstru
tion is donein ea
h tree independently, by using the dual �lters, and the results of the 4 trees areaveraged to obtain a0 to ensure the symmetry between the trees, thus enabling the desiredshift invarian
e.The 
omplex 
oeÆ
ients are obtained by 
ombining the di�erent trees together. If weindex the subbands by k, the detail subbands dj;k of the parallel trees A, B, C and D are
ombined to form 
omplex subbands zj;k+ and zj;k� , by the linear transform:zj;k+ = (dj;kA � dj;kD ) + i (dj;kB + dj;kC )zj;k� = (dj;kA + dj;kD ) + i (dj;kB � dj;kC ) (2)Thresholding the magnitudes jz�j without modifying the phase enables us to de�ne anearly shift invariant �ltering method.We have extended the original transform by applying the �lters h and g on the detailsubbands, thus de�ning the CWPT. [15℄, [16℄. This enables us to preserve the propertiesof the original 
omplex wavelet transform. The tree 
orresponding to the CWP transformis given in Fig. 2.The �lter bank used for the de
omposition is illustrated by Fig. 3, on whi
h the subbandsare indexed by (p; q) for ea
h tree T . Instead of dividing an approximation spa
e whi
hdoes not de�ne any new orientation, the wavelet pa
ket de
omposition pro
esses the detailsubbands, whi
h are strongly oriented. Ea
h detail subband at level 1 isolates an area ofthe frequen
y spa
e de�ned by a mean dire
tion and a dispersion, enabling one to sele
t arange of dire
tions around a given orientation. If the subband is de
omposed into 4 newsubbands, it means that the 
orresponding frequen
y area is split into 4 new areas, whi
hde�ne new orientations, as shown in Fig. 4.B. Invarian
e propertiesLet us �rst fo
us on the properties of the CWPT. The proposed transform enables us tokeep the shift invarian
e properties, as illustrated by Fig. 1. This 
an be demonstrated inthe following way: we perform the CWP transform of a step fun
tion (1D signal), we keeponly one wavelet pa
ket subband at level 2 (the other subbands are set to zero), and we dothe inverse transform. This is done for 4 possible shifts of the input signal, and we remarkthe approximate shift invarian
e of the output, for both wavelet pa
ket subbands. Thisproperty has already been shown for the 
omplex wavelets for any level j by Kingsbury[21℄.



6 The shift invarian
e is perfe
t at level 1, and approximately a
hieved beyond this level:the transform algorithm is designed to optimize the translation invarian
e.The impulse responses, shown in Fig. 5, and the related partitioning of the frequen
yspa
e given in Fig. 4, demonstrate the ability to separate up to 26 dire
tions for the
hosen wavelet pa
ket tree. Compared to real separable transforms, whi
h only de�ne twodire
tions (rows and 
olumns), it provides near rotational invarian
e and gives a sele
tivitywhi
h better represents strongly oriented textures (thus separating them better from thenoise). Furthermore, 
ompared to the original 
omplex wavelet transform, whi
h onlyseparates 6 dire
tions, the dire
tional sele
tivity is highly improved.The redundan
y of the CWPT is the same as the CWT, and this is independent onthe de
omposition tree. Moreover, the proposed transform remains fully invertible, whi
hmakes it usable for de
onvolution tasks.However, this is not really a 
omplex transform, sin
e it is not based on a 
ontinuous
omplex mother wavelet. Nevertheless, the quad-tree transform has in pra
ti
e the sameproperties as a 
omplex transform w.r.t. shifting of the input image.III. Bayesian thresholdingA. The observation model and the Bayesian approa
hLet us denote X the de
onvolved image without regularization. For ea
h subband k,the variables x and � denote one of the CWP 
oeÆ
ients 
orresponding respe
tively to theobservation Y and the original image X . We suppose that H is invertible (i.e. it has nozeros in the Fourier spa
e). Sin
e the noise N is white and Gaussian, Eqn. (1) multipliedby H�1 gives, in the CWP domain: x = � + n (3)To obtain the expression of the noise 
oeÆ
ients n, let us re
all Eqn. (2). Ea
h 
omplex
oeÆ
ient is obtained by summing or subtra
ting the 
oeÆ
ients of the 4 trees A, B, C,D. If we 
ompute the 
ovarian
e between the real and imaginary parts, we �nd (for the
oeÆ
ients z+) E[nrni℄ = E[nAnB+nAnC�nDnB�nDnC ℄ where nA, nB, nC , nD, are thenoise 
oeÆ
ients for ea
h tree. By symmetry assumptions, this 
ovarian
e is null, sin
e all
ovarian
es E[nTnT 0 ℄ between di�erent trees T and T 0 are equal. Then, the distribution



7of the noise is de�ned as a joint distribution of (nr; ni) :P (n) = 12� �2k e�jnj2=2�2kWe assume that the noise varian
e is 
onstant in ea
h subband k. We 
ompute �k byusing the impulse responses W k of the subbands. To obtain W k, we take the CWPT ofa dis
rete Dira
 and we keep only the subband k, all the others being set to zero, thenwe perform the inverse transform. The mean power spe
trum of the de
onvolved noise isgiven by j1=F [h℄j2 where F denotes the Fourier transform. Then, for subband k we have:�2k = �2 Xij ����F [W k℄ijF [h℄ij ����2 (4)We assume that the 
oeÆ
ients � are independent in a given subband, between di�erentsubbands of a given s
ale, and also between s
ales. This is an approximation whi
h leadsto a fast thresholding te
hnique: we will not handle here possible 
orrelations betweensubbands or neighbour 
oeÆ
ients. The 
ovarian
e matrix of the noise is supposed to benearly diagonal in the 
hosen basis (see Fig. 6 and Fig. 7), so we 
onsider that the noisevariables are also independent in the wavelet pa
ket basis.We estimate the unknown 
oeÆ
ients � within a Bayesian framework [27℄. We haveshown in [16℄ that this approa
h provides slightly better results than the Minimax [9℄ risk
al
ulus on real satellite data. To 
ompute the MAP estimate of �, we use Bayes law to
al
ulate the expression of the posterior probability:�̂ = argmax� P (� j x) = argmax� P (x j �)P (�) (5)where P (x j �) is given by the distribution of the noise:P (x j �) = 12� �2k e�jx��j2=2�2k (6)B. The prior modelThe Generalized Gaussian distribution has been used to model the distribution of realwavelet 
oeÆ
ients in ea
h subband [23℄, [27℄. It is also possible to use it to model theCWP subbands. It 
orresponds to the following prior probability of �:P (�) = 1Z(�k; pk) e�j�=�kjp (7)where �k is a prior parameter and p is an exponent, whi
h is supposed to be independentof the subband. We assume that the variables � are independent within a given subband,



8and also between the di�erent subbands. As shown by Fig. 8, the 
omplex densityis a bidimensional fun
tion whi
h only depends on the magnitude (it exhibits a radialsymmetry). It is generally not separable for p 6= 2. The magnitude is governed by ade
reasing density fun
tion, while the phase is uniformly distributed in [0; 2�).This is a marginal model, whi
h seems to des
ribe a whole subband eÆ
iently, but failsto 
apture the non stationarity property related to satellite or aerial images. Indeed, allthe 
oeÆ
ients of one subband are des
ribed by the same distribution with the same setof parameters. If we want to take into a

ount the non stationarity expli
itely, it is betterto use an adaptive model.B.1 Inhomogeneous prior modelAnother possible way to 
apture the heavy-tailed behaviour of the subband densitiesis to de�ne an inhomogeneous model, whi
h adapts to the lo
al 
hara
teristi
s of thesubbands. Some approa
hes to spatial adaptivity in the real wavelet domain 
an be foundin the literature, for example [3℄.To simplify, let us 
hoose a Gaussian model. The varian
e parameter is di�erent forea
h 
oeÆ
ient, whi
h enables us to di�erentiate edges or textures, whi
h have a highintensity, from the homogeneous areas whi
h generally 
orrespond to very low values ofthe 
oeÆ
ients.Sin
e the parameters 
an be very di�erent from one variable to another, the histogramof a subband 
an have a heavy-tailed behaviour, even if the distribution of ea
h variableis Gaussian.We denote by s2 the varian
e parameter of ea
h original 
oeÆ
ient �. We propose touse the adaptive prior distribution:P (� j s) = 12� s2 e�j�j2=2s2 (8)If the parameters s2 are known, the unknown wavelet 
oeÆ
ients 
an be estimated by
omputing the MAP or the MMSE, whi
h have the same expression in this 
ase. This isa fully Bayesian te
hnique (we use the property (5)). Re
all the expression of the noisedistribution (6), and 
ombine it with Eqn. (8) to obtain:P (� j x) / e�jx��j2=2�2k�j�j2=2s2 (9)



9Therefore, the MAP is given by:�̂ = argmin� � jx� �j22�2k + j�j22s2 �To 
ompute the minimum, di�erentiate w.r.t. the real and the imaginary parts of �. Thisgives two equations whi
h are re
ombined to form an equation with 
omplex numbers:8<: �r�xr�2k + �rs2 = 0�i�xi�2k + �is2 = 0 , � � x�2k + �s2 = 0This gives the inhomogeneous MAP estimate:�̂ = s2s2 + �2k x (10)C. Robust parameter estimationIn this paragraph, we fo
us on the estimation of the adaptive parameters s using theMAP. If we don't use any prior density for these parameters (i.e. we assume there is a 
athyperprior), the MAP estimator redu
es to the MLE.As is shown in [14℄, the MLE is not robust when applied to in
omplete data (i.e. whenthe estimation is made on noisy data). Indeed, there are as many parameters as observeddata. Even if the robustness is insuÆ
ient in the in
omplete data 
ase, and blurred data,it be
omes suÆ
ient when the estimation is made from the original image X (i.e. 
ompletedata). Sin
e this image is unknown, a good approximation of it has to be determined.Then, it is possible to get very useful parameter estimates by using this approximationinstead of the original image. Here, we use this 
omplete data approa
h to estimate theunknown parameters.Consider Eqn. (8). The 
omplete data MLE is de�ned by ŝ2 = argmaxs2 P (� j s2).Assumimg independen
e, we obtain: ŝ2 = j�j22 (11)where the fa
tor 2 
omes from the dimensionality of the distribution.We obviously do not have a

ess to the original 
oeÆ
ients. That is why we take thetransform 
oeÆ
ients of an approximate original image instead. Experiments have shownthat a satisfa
tory approximation is provided by a nonlinear regularizing algorithm, su
has RHEA, detailed in [13℄. It essentially 
onsists of a variational method based on '-fun
tions [4℄ (minimization of a 
riterion whi
h penalizes noisy solutions, but preserves



10the edges) pre
eded by an automati
 parameter estimation step to 
ompute the parametersof the regularizing model.The proposed algorithm 
onsists of obtaining the desired approximate original imageusing a method like RHEA [13℄, estimating the adaptive parameters using the 
ompletedata MLE with Eqn. (11), and then estimating the unknown 
oeÆ
ients by 
omputingthe MAP by Eqn. (10).Let us denote by ~� the transform 
oeÆ
ients of the approximate original image. ~� issupposed to be suÆ
iently noisefree and to 
ontain suÆ
ient information to enable textureand edge re
overy.The restored edges are sharp, sin
e we have used an edge-preserving method. Thetextures are not perfe
tly restored, but they are suÆ
iently present in the image to allowtheir re
onstru
tion using the algorithm proposed in this paper.Finally, if ~� is known, by using Eqn. (10) and (11), the estimate for the 
oeÆ
ient is:�̂ = j~�j2j~�j2 + 2�2k x (12)D. Noninformative Je�rey's hyperpriorThe most diÆ
ult problem in this approa
h is to get an approximation ~� as 
lose aspossible to the original image 
oeÆ
ients.The method RHEA used to obtain su
h an approximation is 
ertainly not perfe
t andsome residual noise remains. It is visible in 
onstant areas. Then we need to put a priordistribution on the unknown varian
e parameters s2 if we want them to make sense whenestimated by MLE from noisy 
oeÆ
ients.An approa
h 
onsisting of taking Je�rey's hyperprior has been proposed in [10℄ withina wavelet based image denoising framework. It is based on the following assumption: theinferen
e pro
edure should be invariant under 
hanges of amplitude and s
ale. It meansthat the prior probability density of s2 must keep the same behaviour even if it is res
aled,by setting for example s0 = ks. Sin
e this is not the 
ase for 
lassi
al Gaussian or Lapla
ianmodels, the author uses the following prior, whi
h is 
alled a noninformative prior [2℄:P (s2) / 1s2 (13)This 
orresponds to an extremely heavy-tailed distribution. Unfortunately it is improper:the density fun
tion is not integrable. However, the marginal density of the wavelet 
oef-



11�
ients is not improper.We denote by � the transform 
oeÆ
ients 
orresponding to the image de
onvolved usingregularization (by RHEA for instan
e). In addition to the 
omputation of the de
onvolvednoise varian
e 2�2k, we also need to 
ompute the varian
es 2~�2k of the residual noise whi
h
orrupts the 
oeÆ
ients �.The estimation of ~� is then performed in two steps:� estimate the varian
e ŝ2 by using the MAP: ŝ2 = argmaxs2 P (s2 j �)� estimate the unknown 
oeÆ
ient by using the MAP: ~� = argmax� P (� j �)To express P (s2 j �), we need P (� j s2) and P (s2). Sin
e both signal and noise are Gaussian,of respe
tive varian
es s2 and ~�2k, we have P (� j s2) = P (�r j s2)P (�i j s2). ThenP (�r j s2) = P (�i j s2) = N(N(0; s2); ~�2k) = N(0; s2 + ~�2k). We also have the hyperprior(13). Then we obtain:̂s2 = argmaxs2 P (s2 j �) / 1(s2 + ~�2k)2 e�j�j2=2(s2+~�2k)whi
h gives: ŝ2 = 8<: j�j2=4� ~�2k if j�j2 � 4~�20 if j�j2 < 4~�2 (14)The MAP estimate ~� = argmax� P (� j �) for the adaptive Gaussian model is given by Eqn.(10). By 
ombining equations (14) and (10) we obtain the following estimate, whi
h we
all the noninformative thresholding fun
tion �J :~� = �J(�) = j�j2 � 4~�2kj�j2 � if j�j2 � 4~�2k ; 0 elsewhere (15)The advantage of su
h a method is that there is no need for parameter estimation, sin
ethere is no parameter.The thresholding fun
tion �J 
ould be applied dire
tly on the noisy 
oeÆ
ients obtainedfrom the roughly de
onvolved image, thus providing a simple and automati
 de
onvolutionalgorithm. However, there is a major drawba
k, whi
h is espe
ially visible in homogeneousareas: the residual noise is quite apparent, its varian
e being higher than with the previ-ously presented homogeneous model. This probably 
omes from the la
k of robustness of



12the estimation method. We 
an remark that if we remove the prior law of s2, the estima-tion of s2 is done by the MLE, whi
h gives a fun
tion like (14) but with a threshold 2~�2kinstead of 4~�2k. This is insuÆ
ient sin
e the magnitude of the noise has a varian
e equal to2~�2k. Thus, the hyperprior makes the estimation more robust, by doubling the thresholdvalue. It is still not suÆ
ient to remove noise peaks in large 
onstant areas.In the 
ase of denoising an image de
onvolved with regularization, as with RHEA, therobustness of this method is suÆ
ient, sin
e the level of the residual noise is quite small
ompared to the de
onvolved noise. That is why we use the noninformative thresholding toestimate the approximate original 
oeÆ
ients ~� from �, before using them to estimate thevarian
e parameters s2 from the 
omplete data ~�. Finally, �̂ is obtained from x using theestimated parameters s2. In the next se
tion, we des
ribe this pro
edure more pre
isely.IV. The de
onvolution algorithmThe adaptive model des
ribed by Eqn. (8) provides better results (visually and w.r.t.SNR) than the homogeneous model des
ribed by Eqn. (7). Details are better preservedand 
onstant areas are 
leaner [16℄. We have also 
ompared this s
heme with the 
lassi
alminimax approa
h [8℄ and with minimum risk 
omputation for various models [16℄. It
onsistently exhibits better results.The initial de
onvolution is made in the Cosine Transform spa
e instead of the Fourierspa
e to avoid artefa
ts near the borders of the image. The proposed algorithm is 
alledCOWPATH, for COmplex Wavelet Pa
ket Automati
 THresholding, and 
onsists of thefollowing steps (see Fig. 9):� DCT (Dis
rete Cosine Transform) of the observation Y� De
onvolution: divide by F [h℄ (in pra
ti
e, divide by F [h℄ + � where � is small, sin
esome of the 
oeÆ
ients of F [h℄ 
an be null)� Inverse DCT of the result, whi
h gives X� CWP transform of X� Computation of �k using the known h and � (see Eqn. (4))� Computation of the approximate original image ~X: apply the RHEA algorithm [13℄ onY (nonlinear regularization, with automati
 parameter estimation)� CWP transform of ~X to obtain �� Computation of ~�k (residual noise of the 
oeÆ
ients �) using the known h and � (see



13[16℄ for details)� Thresholding of the approximate image 
oeÆ
ients using Je�rey's noninformative priorand ~�k (see Eqn. (15))� Estimation of the parameters ŝ of the inhomogeneous Gaussian model (see Eqn. (11))� CoeÆ
ient thresholding by 
omputing the MAP (see Eqn. (12))� Set to zero the subbands where the varian
e of the noise is greater than the varian
e ofthe signal� Inverse CWP transform, whi
h gives the estimate X̂.The varian
e of the residual noise in homogeneous areas, whi
h is needed to denoise theapproximate original image before using this image for parameter estimation, is 
omputedin the same manner as the varian
e of the de
onvolved noise (i.e. using an equation simi-lar to Eqn. (4), in whi
h the denominator takes into a

ount the regularization pro
ess).For this 
omputation, we assume that 
onstant regions 
orrespond to a quadrati
 regu-larization. Then it is possible to use sums in the Fourier spa
e. We refer to [16℄ for moredetails.The main 
hara
teristi
 of this algorithm is the use of two di�erent methods, regulariza-tion and wavelet thresholding, to obtain a hybrid te
hnique whose results are better thanthe results of a single regularization method or a wavelet thresholding. The more de
orre-lated the de
onvolved noise and the residual noise of the approximate original image, thehigher the quality of the de
onvolved image.It is possible to repla
e the nonquadrati
 regularizing model of the RHEA algorithm bya simple quadrati
 model. The advantages are to enable a single step de
onvolution in thefrequen
y spa
e and to make the parameter estimation step deterministi
 and fast (in thenonquadrati
 
ase we need a MCMC method [13℄). The edges are not as sharp as withthe nonquadrati
 model, but this approximate image is suÆ
iently a

urate to providea 
orre
t estimation of the inhomogeneous parameters of the subband model (the SNRdi�eren
e between the original and a

elerated algorithms is about 0.1 dB for the SPOT5 simulation image shown in Fig. 13).The 
omplexity of the algorithm is 
omputed as follows. We do not take into a

ountthe approximate original image, supposing it is provided. We have 3 DCT and 3 CWPT,whi
h 
orresponds to about 15 log2 n+ 500 op/pix (i.e. operations per pixel) (650 op/pixfor a 1024� 1024 image). If the approximation dis
ussed above is used, this is almost thetotal 
ost of the whole de
onvolution algorithm.



14 V. Satellite image deblurringA. Results : SPOT 5 simulationFig. 10 shows a 128x128 area extra
ted from the original image of N̂�mes (SPOT 5simulation at 2.5 m resolution, provided by the Fren
h Spa
e Agen
y (CNES)). Fig. 11shows the PSF and Fig. 12 shows the observed image Y (� = 1:4 and SNR=14.8 dB). Fig.13 shows the image de
onvolved with the proposed algorithm (SNR=20.9 dB), exhibitingsharp and regular oriented features, and noisefree 
onsant areas.B. Comparison with di�erent methods1. Quadrati
 regularization [28℄.The quadrati
 regularization is nearly equivalent to the parametri
 Wiener �lter [12℄, andgives the same results. It is also equivalent to isotropi
 di�usion. The edges are �lteredas well as the noise, as seen on Fig. 14. It is therefore impossible to obtain sharp detailsand noisefree homogeneous areas at the same time. Thus, the SNR remains low (about19.5 dB) be
ause of insuÆ
ient noise removal in these areas.2. Nonquadrati
 regularization [4℄, [11℄.The resulting image of the RHEA algorithm [13℄ exhibits sharp edges, 
ompared to theresult shown previously. However, some noise remains in homogeneous regions and texturesare attenuated. The SNR is 20.5 dB. This result is used as the approximate original imageand is illustrated by Fig. 15.3. Real wavelet pa
kets, soft thresholding [17℄.The proposed wavelet pa
ket transform is more than two times faster than the shift in-variant real wavelet pa
ket transform (based on Symmlet-4 wavelets) and is mu
h moredire
tionally sele
tive. Real wavelet pa
ket soft thresholding gives a SNR equal to 19.6dB (see Fig. 17) while the same type of thresholding using the CWPT provides a higherSNR and a higher quality image (see Fig. 16). In this experiment, the threshold is 
hosenmanually, equal to � times the standard deviation of the de
onvolved noise. Here, a valueof � 
lose to 1 provides a nearly optimal SNR .4. Complex wavelet pa
kets, soft thresholding.The proposed hybrid thresholding method provides a sharper restored image than simplesoft thresholding, due to the adaptive approa
h. To illustrate this, we show on Fig. 16the result using a manually 
hosen threshold equal to � times the standard deviation



15of the magnitude of the noise (a soft thresholding fun
tion is applied to ea
h 
oeÆ
ientmagnitude, without modifying the phase). We set � = 1 as with real wavelets, whi
h givesa nearly optimal SNR. In this 
ase, we obtain a SNR equal to 19.9 dB.VI. Con
lusionWe have proposed a new 
omplex wavelet pa
ket transform to 
onstru
t an eÆ
ientsatellite image de
onvolution algorithm. This transform exhibits better dire
tional andshift invarian
e properties than real wavelet pa
ket transforms, for a lower 
omputational
ost.The proposed de
onvolution method is superior to other 
ompeting algorithms on satel-lite images: it is faster, more a

urate and fully automati
. The essential novelty of theproposed algorithm 
onsists of an hybrid approa
h, in whi
h two radi
ally di�erent meth-ods are 
ombined to produ
e a de
onvolved image of higher quality than the result of ea
hmethod individually. Finally, if a quadrati
 model is used, the speed is greatly in
reased,whi
h opens the path to real time pro
essing of image sequen
es or to onboard imagepro
essing in satellites by using spe
ialized 
hips.In this paper, we show results on a parti
ular 
ase (simulation of a SPOT 5-style satelliteimage). Tests have been performed with di�erent types of blurs and various noise levels,and the proposed algorithm has shown its eÆ
ien
y in most of the experiments. However,in some 
ases the rough de
onvolution step is not adapted to the blurring kernel: if thereare zeros in the transfer fun
tion, the noise ampli�
ation is too high, and the signalbe
omes diÆ
ult to re
over. In su
h 
ases, the wavelet pa
ket de
omposition tree shouldbe adapted to the noise statisti
s, thus enabling the 
ovarian
e matrix of the noise to benearly diagonal.The 
ase of noninvertible blur, su
h as motion blur, forbids the use of nonregularizedinversion in the Fourier domain. Therefore, in this 
ase, a regularized de
onvolution shouldrepla
e the rough inversion used in the proposed method.An improvement of the adaptive Gaussian model 
ould also be provided by 
hoosing amore a

urate distribution, to 
apture the heavy-tailed distribution of the wavelet pa
ket
oeÆ
ients. For example, adaptive Generalized Gaussian models 
ould be investigated.Furthermore, in
luding dependen
e between di�erent s
ales by means of multis
ale hiddenMarkov trees 
ould help separating the small features from the de
onvolved noise. Thesetypes of models would 
ertainly better model edges whi
h propagate a
ross s
ales and



16enable their re
onstru
tion more eÆ
iently.VII. A
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Figures

a) b)Fig. 1. We 
onsider the 1D CWP transform. This �gure illustrates the approximate shift invarian
e,by showing a shifted step fun
tion �ltered by setting to zero all the subbands ex
epted one pa
ketsubband. 4 di�erent shifts are represented (1, 2, 3 and 4 sampling units) from bottom to top. a)Lowest frequen
y pa
kets. b) Highest frequen
y pa
kets.
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Fig. 4. Rough partition of the frequen
y plane indu
ed by the CWPT

Fig. 5. Impulse responses of the CWPT at level 2 (real part) - left : z+, right : z�
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Fig. 8. Distribution P (�) of CWP 
oeÆ
ients of the original image, for one pa
ket subband
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Fig. 10. Original image X (128x128 area extra
ted from N�̂mes)
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Fig. 12. Observed image Y (SNR=14.8 dB)
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Fig. 13. Image de
onvolved with the proposed method (SNR=20.9 dB)

Fig. 14. Image de
onvolved with quadrati
 regularization (SNR=19.5 dB)

Fig. 15. Image de
onvolved with nonquadrati
 regularization (SNR=20.5 dB)
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Fig. 16. Image de
onvolved using 
omplex wavelet pa
kets and soft thresholding (SNR=19.9 dB)

Fig. 17. Image de
onvolved using real wavelet pa
kets and soft thresholding (SNR=19.6 dB)


